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Abstract
The exact path integration for a family of maximally super-integrable sys-
tems generalizing the hydrogen atom in the n-dimensional Euclidean space
is presented. The Green’s function is calculated in parabolic rotational and
spherical coordinate systems. The energy spectrum and the correctly nor-
malized wave functions of the bound states are obtained from the poles of
the Green’s function and their residues, respectively.
PACS 03.65- Quantum theory ; quantum mechanics.
PACS 03.65. Ca - Formalism.
PACS 03.65. Db - Functional analytical methods.
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I. Introduction
During the last 40 years, super-integrable dynamical systems have been
the object of a considerable interest for their pratical importance in vari-
ous elds. A general classication of Hamiltonians in two and three dimen-
sions possessing dynamical invariance groups was initiated by Smorodinsky,
Winternitz and collaborators1 , continued by Kibler and Winternitz2 , and
revived, in recent years, by Evans3 . This classication was established ac-
cording to the number of degrees of freedom, quadratic integrals of motion
in the momenta and coordinate systems in which the potential allows the
separation of variables. The Hamiltonian systems with these potentials are
called super-integrable. Generally, in n dimensions, a system is called "min-
imally" super-integrable if it has (2n − 2) constants or integrals of motion
( including energy ), and it is called "maximally" super-integrable if it has
(2n−1) integrals of motion4,5 . A list of potentials corresponding to minimally
super-integrable and maximally super-integrable systems with corresponding
constants of motion in the classical form and all separating coordinate sys-
tems has been established by Evans6 .
In the last decade, Grosche et al have presented a detailed path integral
discussion of the so-called Smorodinsky-Winternitz super-integrable Hamil-
tonians in the three further spaces of constant curvature: two- and three-
dimensional Euclidean space7 , two- and three-dimensional sphere8 , two-
and three-dimensional hyperboloid9,10 . Chetouani et al11 , whose work fol-
lowed closely upon that of Grosche and co-workers studied three classes of
two- and three-dimensional Smorodinsky-Winternitz super-integrable Hamil-
tonian systems in Euclidean space using a variant of the so(2,1) algebraic
approach.
Recently, a new family of maximally super-integrable systems general-
izing the hydrogen atom has been constructed in n-dimensional Euclidean
space by Winternitz and Rodriguez12 and studied in standard quantum me-
chanics through resolution of Schro¨dinger equation in parabolic rotational
and spherical coordinates. This new family corresponds to the potentials








where γ and i are positive constants and r =
(




In this paper, we want to present a path integral treatment of these
potentials in parabolic rotational and spherical coordinate systems.
our work can be seen as a generalization of the earlier work of Chetouani
and Hammann13 , in which they established only the n-dimensional Coulomb
Green function in polar coordinates by means of the Gegenbauer expansion
formula.14
Our study is organized as follows: in the following section, we introduce n-
dimensional parabolic rotational coordinates and formulate the path integral
associated with the potential V (x(1); x(2); :::; x(n)). An explicit Lagrangian
path integral formulation is derived. By means of successive applications




and (; ) path
integrations to the already known ones. The Green function is evaluated in a
spectral decomposition. In section III, we construct the Green function in n-
dimensional spherical coordinates. The energy spectrum and the normalized
wave functions are found as in the case of parabolic rotational coordinates.
The section IV will be a conclusion.
II. Parabolic rotational coordinates in En and path in-
tegral
In n-dimensional parabolic rotational coordinates
x(1) =  cos (1) cos (2)::: cos (n−3) cos (n−2);
x(2) =  cos (1) cos (2)::: cos (n−3) sin (n−2);




x(n−2) =  cos (1) sin (2);




(2 − 2); (2)
where 0  ;  < 1; 0  () <  ( = 2; :::; n − 2); 0  (1) < 2; the































where the potential V (x(1); x(2); :::; x(n)) can be written in the form







cos2 (1)::: cos2 (n−2)
+
p2(p2 − 1)





















i; i = 1; :::; n− 1: (5)
Hence the metric tensor in parabolic rotational coordinates has the form
(gab) = diag(g; g; g(1)(1) ; :::; g(n−2)(n−2)); (6)
where
g = g = 






cos2 (k); i = 2; :::; n− 2: (7)
















The inverse of (6) is given by
(gab) = (gab)





















































; Γ(k) = −(n− 2− k) tan (k); k = 1; :::; n− 2:
(11)
In order to express the quantum Hamiltonian by position and momen-
tum operators, we can choose the Weyl ordering prescription15–17 , or the
product-ordering prescription18 . Due to the special nature of (gab) and (g
ab)
respectively, the quantum correction 4V is the same for both prescriptions.







































cos2 (1)::: cos2 (n−2)
+
p2(p2 − 1)








































In manner similar to that in Refs.17,18 , by direct calculation we get for












































Spc(j; j − 1)
 ; (14)
with the short-time action





























































































































First, the fg path integrations can be entangled with one another by





cos2 (n−2−k)ds; (i = 1; 2; :::n − 3); and carried out using the
Po¨schl-Teller path integral solution (0 <  < 
2
)21–26
















































2( +  + 2Jn + 1)
Jn!Γ( +  + Jn + 1)
Γ( + Jn + 1)Γ( + Jn + 1)
] 1
2
(sin )+ 12 (cos )+ 12 P (;)Jn (cos 2); (17)
where P
(;)
Jn (cos 2) are Jacobi polynomials (
14 , p.1035). After performing
the integrations over all the angular variables 
(k)
j (k = 1; :::; n−2); we obtain




















KfJn−2g(f ; f ; i; i; T );
(18)




the sets fJ1; J2; :::; Jn−2g
and
{
(1); (2); :::; (n−2)
}
; respectively. The angular part of the wave func-

























Γ(ml−1 + Jl + 1)Γ(pl+1 + Jl + 12)
] 1
2




















; 1  l  n− 2: (21)
The kernel KfJn−2g(T ) is given by





















Apc(j; j − 1)
 ; (22)
with the short-time action


































and u˜j = (uj + uj−1)=2. This brings us to path integration over the coor-
dinates  and : We obtain by introducing the energy E with the help of
the Green’s function ( Fourier transform of the propagator ), performing the
time transformation dt = (2 + 2)ds and applying the path integral solution




























































































































































with N = N1 + N2 +  +
n−1
2
: The energy levels and wave functions have


























where Ln(x) are the Laguerre polynomials (
14 , p.1037).
III. Spherical coordinates in En and path integral
We shall now discuss the path integral for this class of super-integrable
systems in spherical coordinates. In n-dimensional Euclidean space En; the
cartesian coordinates ( x(1); x(2); :::; x(n)), are related to the spherical coordi-
nates (r; (1); (2); :::; (n−1)), by means of the following transformation:
x(1) = r cos (1)




:x(n−1) = r sin (1)::: sin (n−2) cos (n−1)
x(n) = r sin (1)::: sin (n−2) sin (n−1); (29)















((1))2 + sin2 (1)
:



































and the metric tensor is given by
(gab) = diag
(




























































; Γ(k) = (n− 1− k) cot (k); k = 1; 2; :::; n− 1:
(35)
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(n− 1)(n− 3) + 1
sin2 (1)
[





(n− 3)2 cos2 (2) − 2(n− 3) + 1
sin2 (3)
[
(n− 4)2 cos2 (3)
−2(n− 4) + ::: + 1
sin2 (n−2)
[





Constructing the path integral in En, we follow the prescription adopted































Ssc(j; j − 1)
 ; (38)
where
Ssc(j; j − 1) = M
2"
[





































































Path integration in spherical coordinates is quite similar to that carried
out in parabolic rotational coordinates. By performing successive time trans-
formations dt = r2
n−1∏
k=i
sin2 (n−1−k)ds; (i = 1; 2; :::; n− 2); and their inverses,


























denote the sets fJ1; J2; :::; Jn−1g and{
(1); (2); :::; (n−1)
}















2(mk+1 + pk + 2Jk +
1
2




Γ(pk + Jk +
1
2


















n− k − 1
2
; k = 1; 2; :::; n− 1: (43)
The radial path integral KfJn−1g(rf ; ri; T ) reads as
12

































By using the path integral solution for the radial part of the problem of
the Coulomb potential13,29,30 , the radial Green function is evaluated to be





























































where  = −2γ=h!, ! = 2(−2E=M)1=2 and rf > ri : The M−;m1 (x) and
W−;m1 (x) are the Whittaker functions (
14 , p. 1059).
Expanding the radial Green function by means of the Hille-Hardy formula
(28), we obtain after performing the integration over S in Eq.(45) the energy
spectrum and the bound state wave functions, respectively
EN = ENr ;fJn−1g = −
Mγ2
2h2N2













































with a = h2=Mγ; and Nr is the radial quantum number.
13
When we put i = 0 in the expression of V (x
(1); x(2); :::; x(n)), we obtain
the Coulomb potential in n-dimensional Euclidean space. In this case, our
results are reduced to those obtained by the path integral approach13 , or
through the resolution of the Schro¨dinger equation31 .
IV. Conclusion
In the present work we have shown that the Green function associated
to a family of super-integrable systems containing the hydrogen atom as a
special case can be calculated by path integral approach in n-dimensional
Euclidean space. The explicit path integration has been done in two coordi-





-dependent path integration was manageable by time transforma-
tions yielding path integrals of Po¨schl-Teller potential forms. It is interesting
to note that the construction of the Green function as a spectral expansion
gives simultaneously the normalized wave functions and the energy spectrum.
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